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Abstract: When a neutral sphere is rotating near a surface
in vacuum, it will experience a frictional torque due to
quantum and thermal electromagnetic fluctuations. Such
vacuum friction has attracted many interests but has been
too weak to be observed. Here we investigate the vacuum
frictional torque on a barium strontium titanate (BST)
nanosphere near a BST surface. BST is a perovskite ferroelectric ceramic that can have large dielectric responses at
GHz frequencies. At resonant rotating frequencies, the
mechanical energy of motion can be converted to electromagnetic energy through resonant photon tunneling,
leading to a large enhancement of the vacuum friction. The
calculated vacuum frictional torques at resonances at subGHz and GHz frequencies are several orders larger than the
minimum torque measured by an optically levitated
nanorotor recently, and are thus promising to be observed
experimentally. Moreover, we calculate the vacuum friction on a rotating sphere near a layered surface for the first
time. By optimizing the thickness of the thin-film coating,
the frictional torque can be further enhanced by several
times.

1 Introduction
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Quantum fluctuations of electromagnetic fields cause an
attractive force between two neutral metallic plates, which
was first calculated in 1948 and well known as Casimir
force [1]. Besides the Casimir force between static macroscopic objects, the ﬂuctuating electromagnetic ﬁelds can
cause noncontact vacuum friction between two surfaces in
relative motion [2, 3]. Many efforts have been made for
studying the vacuum friction between various materials
and conﬁgurations [4–10]. However, former attempts using
atomic force microscopes had not successfully detected the
vacuum friction [11–13]. The difﬁculty mainly comes from
the small value of vacuum friction. It is thus worthwhile to
understand the mechanisms of vacuum friction better and
look for enhancements of the vacuum friction. At the same
time, it is essential to develop a suitable ultrasensitive
detector for the measurement.
In this letter, we investigate the vacuum friction on a
rotating nanosphere levitated near a flat plate (Figure 1(a)),
inspired by recent breakthroughs in levitated optomechanics. There are growing interests in using optically
levitated dielectric particles in vacuum for precision measurements since they are well isolated from the environment and have ultrahigh sensitivity [14–21]. Microspheres
and nanospheres have been optically levitated near surfaces [22, 23]. Meanwhile, levitated nanoparticles have
been driven to rotate up to 5 GHz by a circularly polarized
laser [19]. Remarkably, a rotating nanoparticle levitated at
10−5 torr has measured a torque as small as 5 × 10−28 Nm in
just 100 s [19].
Similar to the vacuum frictional force between two
plates that have relative motions [2, 3], there will be a
vacuum frictional torque on a nanosphere rotating at a
high speed [6, 10]. Thus a levitated nanorotor provides a
promising method to detect the vacuum frictional torque.
Former calculations have found that the vacuum frictional
torque on a 150 nm-diameter silica nanosphere near a silica
This work is licensed under the Creative Commons Attribution 4.0 International
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Figure 1: Vacuum friction between a rotating nanosphere and a substrate.
(a) A sphere with a radius of 75 nm rotates around the x axis. The z axis is normal to the substrate. (b) The imaginary part of the Green function
(Eq. (3)) between a barium strontium titanate (BST) substrate and a nearby nanosphere. (c) The imaginary part of the Green function between a
SiO2 substrate and a nearby nanosphere. (d) Calculated vacuum friction torque acting on a BST/silica nanosphere near a BST/silica surface as
a function of the separation between the sphere and the substrate. The sphere rotates at a frequency of 150 MHz, which is a resonant frequency
of BST. (e) The frictional torque on a BST/silica sphere near a BST/silica surface is shown as a function of the rotating frequency of the
nanosphere. The separation between the sphere and the substrate is 300 nm. (f) The friction torque of a SiO2 sphere near a SiO2 surface is
shown at a higher frequency range. The separation is 300 nm.

surface is about 6 × 10−29 Nm at a separation of 300 nm
when the sphere is rotating at 1 GHz and both the surface
and the sphere are at a temperature of 300 K [19]. To
measure the vacuum friction between a silica sphere and a
silica plate, the experiment needs to be conducted under
ultrahigh vacuum below 10−9 torr [19]. In this work, we
propose to use BST, which is a perovskite ferroelectric
ceramic that can have a large dielectric resonance at GHz
frequency [24], to dramatically enhance the vacuum friction by resonant surface photon tunneling at sub-GHz and
GHz frequencies. We show that the vacuum frictional torque on a BST sphere near a BST plate can be signiﬁcantly
enhanced to 3.6 × 10−24 Nm and 8.1 × 10−23 Nm through
resonant photon tunneling at a rotating frequency of
150 MHz and 3.5 GHz, respectively. So the torque on a BST
sphere near a BST plate can be measured at a pressure of
about 10−4 torr.
The enhancement of the vacuum friction comes from
photon tunneling between two surfaces. At the resonant
condition, the conversion of the mechanical energy of
motion to the electromagnetic energy is realized efficiently.
In the domain of the rotation frequency, there are two
resonances that correspond to the normal and anomalous

Doppler effect [25–27]. The resonant tunneling occurs when
the mechanical rotation frequency matches the sum or the
difference of the surface plasmon or phonon polariton
frequencies. For metals and semiconductors, the surface
plasmon or phonon polariton frequency is usually on the
order of 1014 Hz and 1012 Hz, respectively. Such a high
surface polariton frequency makes it extremely difﬁcult to
experimentally reach the resonant condition [25–27]. Here
we choose a ferroelectric material BST which has low surface polariton frequency at GHz range [24]. The dielectric
properties of BST can also be tuned by fabrication and
doping. When the mechanical rotating frequency of the
sphere is also around GHz, the vacuum frictional torque
can be signiﬁcantly enhanced due to the resonant photon
tunneling. In this way, the vacuum frictional torque is
several orders higher than the minimum detectable torque.
Besides the huge enhancement, for the ﬁrst time we will
show the vacuum friction between a BST sphere and a
multilayer coating on top of a BST substrate. The torque
can be further increased by several times by optimizing the
thickness of the coating layer.
This paper is organized as follows. We show the general method of calculating the vacuum frictional torque on
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a rotating nanosphere and discuss the condition for the
resonant photon tunneling in Section 2. The calculated
friction torque acting on a BST sphere near a BST plate is
presented in Section 3. In this section, we show a signiﬁcant enhancement of the friction torque. Section 4 is
devoted to showing the torque on a BST sphere near a
multilayer coating on top of a BST substrate. The transfer
matrix for calculating the optical matrix of the multilayer
structure is introduced. Further enhancement of the friction torque is demonstrated.

2 Resonances in a rotating
nanosphere near a surface
As a ferroelectric material, BST possesses many exceptional dielectric properties such as high dielectric constant,
low loss and large electric-field dielectric tunability
over a wide frequency range [24]. Especially, it has low
surface polariton frequency which is favorable for
enhancing the vacuum friction torque at sub-GHz and GHz
frequencies.
We investigate on a case that a sphere with radius r
is rotating with frequency Ω in vacuum and is placed
at a separation of d from the substrate as shown in
Figure 1(a). We work within the nonrelativistic and
near-ﬁeld limit. Thus the separation needs to be far
smaller than both c/Ω (≈5 cm at 1 GHz) and cℏ/k B T j
(≈8 μm at 300 K). Besides, the dipole approximation
requires the radius of the nanosphere to be sufﬁciently
smaller than the separation. The friction torque experienced by the sphere is written as [10].
Mp  −

2ℏ ∞
∫ [n1 (ω − Ω) − n0 (ω)]
π −∞

(1)

× Im[α(ω − Ω)]ImG(ω)dω
where nj (T)  [exp(ℏω/k B T j ) − 1]−1 is the Bose–Einstein
distribution function at temperature T j and j = 0, 1 are for
the substrate and the sphere, respectively. α(ω) is the
electric polarizability of the nanosphere. G(ω) is the Green
function such that G(ω)  [Gyy (ω) + Gzz (ω)]/2, where Gyy
and Gzz are electromagnetic Green tensor components and
x is the axis of the rotation. The polarizability and the Green
function can be described as
α(ω)  4πϵ0 R3
G(ω) 

ϵsp (ω) − 1
,
ϵsp (ω) + 2

3
ϵsub (ω) − 1
,
8πϵ0 (2d)3 ϵsub (ω) + 1

(2)

(3)
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where ϵsp and ϵsub are the dielectric functions of the sphere
and the substrate, respectively. The equations above are for
the situation that the rotation axis of the sphere is parallel
to the substrate surface. When the rotating axis is normal to
the surface, the Green function has a factor of 32 difference
and hence the friction torque is [28].
Mn  2 Mp,
3

(4)

where Mn and Mp stand for the torque when the sphere is
rotating normal and parallel to the surface, respectively.
Notice that all the following calculations of the vacuum
frictional torque are for the parallel case. As we can see, the
friction torque depends on the optical properties of the
interacting materials. The dielectric functions of different
dielectric materials can be modeled as Lorentz oscillators,
which treat each discrete vibrational mode as a classical
damped harmonic oscillator:
ϵ(ω)  ϵ∞ 1 + ∑

ω2T

ω2L − ω2T
,
− ω2 − iΓω

(5)

where ϵ∞ is the permittivity in the high-frequency limit, ωL
is the longitudinal polar-optic phonon frequency, ωT is the
transverse polar-optic phonon frequency and γ is the
damping coefﬁcient.
As mentioned above, we are looking at the resonant
photon tunneling between surface phonon polaritons
to realize enhancement of the vacuum friction. Similar
to the normal and anomalous Doppler effect for the system of two sliding plates [25–27], rotational friction between a rotating sphere and a ﬂat plate also has such
resonances. BST is a good candidate for realizing such
resonant photon tunneling since it can support lowfrequency surface polariton modes. The optical phonon
parameters of BST are ϵ∞  2.896, ωL  1.3 × 1010 s−1 , ωT 
5.7 × 109 s−1 , Γ  2.8 × 108 s−1 [24].
The friction increases significantly at the rotating fre

quency Ω  ω1p ± ω2p  which correspond to the resonant
generation of surface polaritons. Here Ω is the rotating frequency of the sphere. ω1p and ω2p are surface polariton frequencies such that Re(ϵ(ω1p ))  −2 and Re(ϵ(ω2p ))  −1,
which lead to large α(ω) and G(ω). Two resonant frequencies are ω1p  1.06 × 1010 s−1 and ω2p  1.15 × 1010 s−1 .
Therefore, when the rotation frequency Ω  |ω1 − ω2 | 
2π × 150 MHz or Ω  ω1 + ω2  2π × 3.52 GHz, the friction
will be greatly enhanced. Figure 1(b) shows the Green
function that connects the dipole moment ﬂuctuation of the
sphere and the induced electromagnetic ﬁeld on a BST surface. As a comparison, the Green function for a silica surface
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is presented in Figure 1(c). The frequency of surface polaritons for a silica surface [29] is around 1013 Hz, which is
several orders higher than the frequency of BST. To meet the
condition of resonant photon tunneling between a silica
sphere and a silica plate, the rotation frequency of the sphere
will need to reach 1013 Hz which cannot be achieved
experimentally.

3 Vacuum friction between a BST
nanosphere and a BST plate
The calculated vacuum friction between a BST sphere and
a BST plate is presented in this section. Here, we investigate on a case that the radius of the sphere is 75 nm [19]
and the sphere and the plate have the same temperature
of 300 K. At a separation of 300 nm, the calculated friction
torque is shown as a function of rotating frequency in
Figure 1(e). The blue solid curve corresponds to the friction between a BST sphere and a BST plate. It shows two
resonant peaks of the torque at 150 MHz and 3.52 GHz as
expected before. The amplitude of the friction torque at
two resonant frequencies are several orders higher than
the nonresonant part. The maximum torque of
8.06 × 10−23 Nm is achieved at 3.52 GHz. The red dashed
curve is the friction torque acting on a silica sphere near a
silica plate, for comparison. The low-frequency surface
polariton mode and resonant photon tunneling signiﬁcantly enhance the amplitude of the vacuum friction. At
150 MHz and 3.52 GHz, the friction torque between a BST
sphere and a BST surface has an enhancement of about
4 × 105 compared to the torque between a silica sphere
and a silica surface.
Figure 1(f) shows the calculated torque for silica at
much higher rotation frequencies. Similarly, silica also
has resonant photon tunneling conditions and at such
frequencies, the torque can also be greatly enhanced. At a
rotating frequency of around 100 THz, the torque can also
be near 10−22 Nm. However, this frequency is far beyond
the current experimental limit. The calculated friction
torque as a function of the separation between the sphere
and the substrate is shown in Figure 1(d) at a rotating
frequency of 150 MHz, which is the resonant frequency of
BST. For each separation, the enhancement is more than
ﬁve orders.
A recent experiment has detected a torque of
5 × 10−28 Nm with an optically levitated nanosphere at
10−5 torr [19]. It is four orders smaller than the vacuum
frictional torque on a BST sphere at resonant frequency.
Another factor that can affect the detection of vacuum

friction is the air damping torque. The air damping torque
on a rotating nanosphere due to residual air molecules in
the vacuum chamber can be described as [30]:

πpΩ(2r)4 2mgas
M air 
,
(6)
11.976
πk B T
where p is the air pressure, r is the sphere radius, mgas 
4.8 × 10−26 kg is the mass of the air molecule and T is the
temperature of the surrounding air molecules. At the
pressure of 10−4 torr, the air damping torque acting on the
sphere is 4.5 × 10−24 Nm at a rotating frequency of 150 MHz
at room temperature, which is about one orders smaller
than the targeted vacuum friction torque. 10−4 torr and
lower pressures have been achieved in levitation experiments [19, 31]. Compared to silica, the requirement of
pressure for measuring vacuum friction on a BST nanosphere is substantially relaxed.

4 Effects of surface coating
We have demonstrated the vacuum friction between a BST
sphere and a BST plate and showed that the friction can be
enhanced by several orders due to the surface resonant
photon tunneling. It will be easier to experimentally realize
this condition when the resonant frequency is as low as
possible. In this section we show that the resonant frequency can be lowered by thin-film coating.
We investigate onthefriction torque ona BSTsphere near
a surface that has a thin layer of dielectric coating on top of a
BST substrate as shown in Figure 2(a). To calculate the vacuum frictional torque, we need to get the reﬂection coefﬁcients for the layered structure by the transfer matrix
method. For a surface that has a thin layer on top of a substrate, the transfer matrix for the p(s) polarization is given as
[32, 33]
p(s)
T p(s)  Dp(s)
0→1 P(L1 )D1→2 ,

(7)

where L1 is the thickness of the thin layer. Here j = 0, 1, 2
stands for the vacuum between the sphere and the surface,
the thin layer, and the BST substrate, respectively. Dj,p(s)
j+1 is
the transmission matrix between layer j and j+1 for the p(s)
polarization and it can be written as
1 + ηj, j+1
1⎡
⎣
Dp(s)
j→j+1 
2 1 − ηp(s)
j, j+1
p(s)

1 − ηp(s)
j, j+1
1 + ηp(s)
j, j+1

⎤⎦,

(8)

where ηj,p(s)
j+1 is given as
ηpj, j+1 

ϵj k j+1, z
k j+1, z
, ηsj, j+1 
.
ϵj+1 k j, z
k j, z

(9)
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Figure 2: Vacuum friction between a barium strontium titanate (BST) sphere and a BST substrate with a single-layer coating.
(a) A sphere with a radius of 75 nm rotates around the x axis. The z axis is the direction normal to the substrate. The plate consists of a thin layer
of dielectric material (shown in yellow) and a BST substrate (shown in blue). (b) Calculated vacuum frictional torque acting on the nanosphere
as a function of the separation between the sphere and the substrate. The sphere rotates at a frequency of 10 MHz. The red, yellow, and green
dashed curve correspond to the case for a 20-nm SiC, 20-nm Si3N4, and a 60-nm SiO2 thin layer. The blue solid curve is for the case when there
is no coating. (c) The frictional torque is shown as a function of the rotating frequency of the nanosphere. The separation is 300 nm. The blue
solid curve shows the case when there is no coating on the BST substrate. The red, yellow, and green dashed curve correspond to the case for a
20-nm SiC, a 20-nm Si3N4, and a 60-nm SiO2 thin layer on top of the BST substrate. (d) The frictional torque is shown as a function of the
thickness of the thin layer on top of the BST substrate for the case of SiC, Si3N4, and SiO2. Here the separation is 300 nm and the rotating
frequency is 10 MHz.


Here k j, z  ϵω2 /c2 − k 2∥ is the vertical wave vector for the
jth layer. k ∥ is the wave vector parallel to the surface. P(Lj )
is the propagation matrix in the jth layer for both p and s
polarizations and it is given as
PLj   

−ik j, z Lj

e

0
.
eikj, z Lj

0

(10)

With the transfer matrix M, the optical properties
such as reﬂection, transmission and absorption for the
layered structure can be calculated. The reﬂection
coefﬁcients for the p(s) polarization of the layered structure
is [32, 33].
p(s)
rp(s)  T p(s)
21 T 11 .

(11)

p(s)
and T p(s)
are the components of the transfer
where T 21
21
matrix T. To calculate the vacuum friction between a
sphere and a layered structure, we need to get the electromagnetic Green tensor and it is given as [34]

∞

G(ω)  i ∫ dk∥ k ∥ e

2ik z d

0

⎜
⎛
⎜
⎜
+ rs ω,k ∥ ⎜
⎝

−k z 2 0
0
⎢
⎡
⎜
⎟
⎢
⎛
⎞
⎜
⎟
⎢
⎜
⎟
⋅⎢
⎢
⎝ 0 −k z 2 0 ⎟
⎠
⎢
⎣r p ω,k ∥ ⎜
2
0
0 k ∥ k z

k 2 2k z
0
0

0

(12)

0

⎤⎥⎥⎥
⎟
⎞
⎟
⎟
k 2 2k z 0 ⎟
⎠⎥⎥⎥⎦,
0
0

where d is the separation between the sphere and plate,
k  ω/c is the total wave vector,
k ∥ is the wave vector par
allel to the surface, k z  k 2 − k 2∥ is the wave vector
perpendicular to the surface. rs and rp are the reﬂection
coefﬁcients of the layered structure which have been
calculated by the transfer matrix. Therefore, the Green

function that associates the dipole moment ﬂuctuations of
the sphere and the induced electromagnetic ﬁeld on the
layered surface is given as
1
G(ω)  Gyy + Gzz 
2
i ∞
⎣ −r p ω, k ∥  k z
 ∫ dk∥ k ∥ e2ikz d ⎡
2 0
2
+ rs ω, k ∥ 

(13)

k2
k2
+ rp ω, k ∥  ∥ ⎤⎦.
2k z
kz

Based on the transfer matrix introduced above, now we
can calculate the friction torque experienced by a sphere
near a layered structure as shown in Figure 2(a). At a
rotating frequency of 10 MHz, the calculated friction as a
function of the separation is shown in Figure 2(b). The red,
yellow, and green dashed curve is the case for a single layer
of 20-nm SiC, 20-nm Si3N4, and 60-nm SiO2 on top of the
BST. The blue solid curve is the case for a BST sphere and a
BST substrate, for comparison. The optical properties of
SiC, Si3N4, and SiO2 can be found in [29, 34]. We can see that
the torque for the single-layer coating is enhanced by about
four times compared to the no-coating case. We also show
the calculated friction as a function of the rotating frequency in Figure 2(c) when the separation is 300 nm.
Notice that one of the resonant frequencies (originally at
150 MHz) shifts to the left. This explained the enhancement
of the friction torque for the single-layer structure at lowfrequency range. This layered structure is favorable for the
experiment since it gives a larger torque at lower rotating
frequency. At this frequency, the mechanical rotor behaves
more stable and hence easier for the measurement to be
performed. We also show the dependence of thickness of
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Figure 3: Vacuum friction between a barium strontium titanate (BST) sphere and a BST substrate with a double-layer coating on top.
(a) A sphere with a radius of 75 nm rotates around the x axis, which is parallel to the plate. The plate consists of a thin layer of BST (shown in
blue), a thin layer of SiC (shown in yellow) and a BST substrate. (b). Calculated vacuum frictional torque as a function of the rotating frequency
of the nanosphere. The separation is 300 nm. The blue solid, red dashed, and green dashed curves correspond to a thin layer of 0-, 15-, and
50-nm BST on top of a 20-nm SiC-coated BST plate. (c). When the thickness of the second layer (SiC) is ﬁxed to 20 nm and the rotating frequency
is 10 MHz, the friction torque is shown as a function of the thickness of the ﬁrst layer (BST). The separation is 300 nm.

the thin layer on the friction torque in Figure 2(d). It shows
that 20-nm SiC, 20-nm Si3N4, and 60-nm SiO2 give the
largest friction torque. It is essential to ﬁnd the optimum
thickness of the coating to get the largest torque.
Beyond that, we also calculated the friction torque for
the double-layer coating. The configuration is shown in
Figure 3(a). The top is a thin layer of BST as shown in blue.
The middle one is a 20-nm SiC thin layer similar to the
former case and the bottom is a BST substrate. Similar to
the single-layer coating, the transfer matrix for the p(s)
p(s)
p(s)
polarization is given as T p(s)  Dp(s)
0→1 P(L1 ) D1→2 P(L2 ) D2→3 ,
where L1 and L2 is the thickness of the ﬁrst and second layer

coating, respectively. Dp(s)
j→j+1 is the transmission matrix and
P(Lj ) is the propagation matrix. At a separation of 300 nm,
the calculated friction torque as a function of the rotating
frequency is presented in Figure 3(b). The blue solid, red
dashed, and green dashed curves corresponds to a thin
layer of 0-, 15-, and 50-nm BST on top of a 20-nm SiC-coated BST plate. The torque for the double-layer is only
slightly larger than the one with the single-layer coating
at low-frequency range. Figure 3(c) shows the friction
torque as a function of the thickness of the top BST layer
when the rotating frequency is 10 MHz and the separation
is 300 nm.

5 Conclusion
Inthis paper,wehave calculatedthe vacuumfriction between
a rotating sphere and a close surface. We notice that BST has
low surface phonon polariton frequency which can be mechanically excited. At two resonant rotating frequencies, the

mechanical energy of the rotating sphere can be converted to
the electromagnetic field energy and hence significantly
enhance the vacuum friction torque. This provides us a more
practical scheme to measure the long-sought vacuum friction
torque. Moreover, we find that applying a single-layer coating
on top of the BST substrate can further increase the friction
torque by four times. The torque not only depends on the
rotating frequency and the separation, but also relates to the
thickness of the layer. The friction torque for the double-layer
coating on the BST substrate is also presented in the content.
In the future, it will be interesting to study whether more
complex metamaterials [35] and topological materials [36]
can further enhance the vacuum friction.
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