Non-reciprocal energy transfer through the Casimir effect
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A fundamental prediction of quantum mechanics is that there are random fluctuations everywhere
in a vacuum because of the zero-point energy. Remarkably, quantum electromagnetic fluctuations
can induce a measurable force between neutral objects, known as the Casimir effect [1], which has
attracted broad interests [2–9]. The Casimir effect can dominate the interaction between microstructures at small separations and has been utilized to realize nonlinear oscillation [10], quantum trapping
[11], phonon transfer [12], and dissipation dilution [13]. However, a non-reciprocal device based on
quantum vacuum fluctuations remains an unexplored frontier. Here we report quantum vacuum mediated non-reciprocal energy transfer between two micromechanical oscillators. We modulate the
Casimir interaction parametrically to realize strong coupling between two oscillators with different
resonant frequencies. We engineer the system’s spectrum to have an exceptional point [14–17] in the
parameter space and observe the asymmetric topological structure near it. By dynamically changing the parameters near the exceptional point and utilizing the non-adiabaticity of the process, we
achieve non-reciprocal energy transfer with high contrast. Our work represents an important development in utilizing quantum vacuum fluctuations to regulate energy transfer at the nanoscale and
build functional Casimir devices.
In 1948, Casimir speculated that two uncharged metal
plates separated by a vacuum gap would experience an attractive force due to quantum vacuum fluctuations [1]. Besides
its fascinating origin and importance in fundamental physics
[18], the Casimir effect can dominate at sub-micrometer
distances and is essential for micro and nano technologies
[19, 20]. Several studies have demonstrated Casimir effectbased devices with various functions such as nonlinear oscillation [10], quantum trapping [11], phonon transfer [12, 21],
and dissipation dilution [13]. We note that many essential devices such as diodes, isolators, and circulators require nonreciprocity. However, a non-reciprocal device based on the
Casimir effect has been elusive.
Similar to the control of electric current with diodes, we
develop an efficient “Casimir diode” that can rectify energy
transfer coupled by Casimir interaction. The non-reciprocity
is realized by dynamic modulation of the nonlinear Casimir
interaction near an exceptional point [14–17]. An exceptional
point is a branch singularity of a non-Hermitian system such
that the eigenvalues of the system Hamiltonian collapse with
each other for both real and imaginary parts in the parameter
space [15, 22]. The exceptional point has attracted broad interests in optics, optomechanics, and acoustics [23–28] since
it exhibits a unique topological structure. In particular, nonreciprocal energy transfer between two optically coupled mechanical modes of a membrane inside an optical cavity has
been carried out by dynamically controlling the parameters
in a loop that encloses an exceptional point [25]. Such nonreciprocal operations open new directions for controlling optomechanical systems. However, it has not been realized with
Casimir interactions before. We utilize the strong nonlinearity of the Casimir interaction and asymmetric structure near
the exceptional point to break the time reversal symmetry by

modulating the separation between two micromechanical resonators at the desired frequency and amplitude (Fig. 1). In
this way, we realize non-reciprocal energy transfer with the
Casimir interaction. The direction of energy transfer depends
on the sequence of operations. Therefore, the system provides
the flexibility for future applications in Casimir-based devices.
Our device consists of two cantilevers with resonant frequencies ω1 and ω2 as shown in Fig.1(a). A microsphere is
attached to the left cantilever. The oscillating amplitudes of
two cantilevers are denoted as A1 and A2 . Two cantilevers experience quantum vacuum fluctuations and attract each other
by the Casimir force. We apply an additional modulation of
the separation to couple two cantilevers with different frequencies. For the separation considered in our experiment,
quantum fluctuations (instead of thermal fluctuations) dominate the Casimir interaction (see Supplementary Fig. S2).
The schematic of the experimental setup is shown in Fig. 2(a).
The motion of two cantilevers are monitored independently by
two fiber interferometers. The natural frequency and damping of two modified cantilevers are ω1 = 2π × 4826 Hz,
ω2 = 2π × 5582 Hz, γ1 = 2π × 2.65 Hz, and γ2 = 2π × 2.68
Hz when they are far away. The microsphere and both cantilevers are coated by gold. When two surfaces are close to
each other, they will experience the Casimir interaction. At
small separations, the Casimir force between an ideal conductive sphere and an ideal conductive plate is [29]
FC0 (x) = −

π 3 ~c R
,
360 x3

(1)

where R is the radius of the sphere, x is the separation between the sphere and the plate, ~ and c are the reduced Planck
constant and the speed of light, respectively. The Casimir
force FC between real materials can be calculated by the Lif-
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metrically [31]. Tunable intermodal coupling has been carried
out on graphene based resonators by modulating the resonator
frequency parametrically [32]. If we resonantly excite resonator 2 with a constant amplitude A2 and modulate the separation at a rate of fmod = f21 , where f21 = (ω2 − ω1 )/2π,
the excitation on resonator 2 is down-converted to the vibration of resonator 1 (Fig.2(c)) [33]. Under weak-coupling approximation, the ratio of the oscillating amplitudes between
two resonators (A1 and A2 ) at their own resonant frequencies
at the steady state is given as
d 2 FC ω 1 δ d
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FIG. 1. Casimir effect in the dual-cantilever system and eigenvalues near the exceptional point. (a): Two modified cantilevers with
resonant frequencies ω1 and ω2 experience a Casimir force due to
quantum vacuum fluctuations. The vibration amplitudes of two cantilevers are denoted as A1 and A2 . An additional slow modulation
with a frequency fmod and an amplitude δd is applied on resonator
1 to realize parametric coupling. (b) and (c): The real part (Re(λ))
and the imaginary part (Im(λ)) of the eigenvalues λ± of the system
Hamiltonian are shown as a function of the modulation frequency
fmod and the modulation amplitude δd . The two eigenvalues exhibit
a nontrivial topological structure near the exceptional point (EP).

shitz theory [30] and more details can be found in the Supplementary Information. The measured Casimir force gradient
divided by the radius of the microsphere is shown in Fig.2(b).
The experimental data agrees well with the theoretical prediction for the Casimir force between real gold films under the
proximity-force-approximation.
We now discuss how we achieve strong coupling between
two cantilevers by quantum vacuum fluctuations. To couple
two cantilevers with different resonant frequencies, we modulate the separation between them at a slow rate ωmod . The
effective coupling strength is controllable by changing the
modulation amplitude δd . Different from direct coupling that
requires identical resonant frequencies, parametric coupling
gives us more freedom to couple arbitrary resonators and control the coupling time, the coupling strength, and the effective
detuning of two oscillators [31, 32]. Motion transduction and
parametric coupling between two mechanical resonators has
been realized by modulating the electrostatic interaction para-

(2)

Note this coupling is due to the second derivative of the
Casimir force d2 FC /dx2 . For a spring force Fs ∝ −x, the
second derivative will be 0 and the parametric coupling can
not be achieved by simply modulating the separation. The
maximum transduction amplitude A1 /A2 as a function of separation is shown in Fig.2(d). The experimental result agrees
with the prediction Eq. 2. Thus we have realized the energy
transfer through quantum vacuum fluctuations. We can reduce the separation x or increase the modulation amplitude δd
to achieve strong coupling. Fig.2.(e) shows the power spectral density (PSD) of cantilever 2 as a function of the PSD
frequency and modulation frequency fmod when parametric
modulation is applied on cantilever 1 (left). Near resonance,
level repulsion is observed in Fig. 2(f), which shows strong
coupling between cantilevers. More details of the spectrum
can be found in Supplementary Fig. S8.
In the experiment, non-reciprocal energy transfer is realized by dynamically controlling the parameters in a loop near
the exceptional point. Parametric coupling gives us the freedom to control coupling strength and detuning of the system
as a function of time. In an interaction picture, the simplified
Hamiltonian (see Methods and Supplementary Information) is
 iγ1

g
− 2
2
Hint =
,
(3)
g
− iγ22 − δ
2
where γ1,2 is the damping rates of two cantilevers and g is
the coupling strength between two cantilevers. δ is the detuning of the system. The coupling strength and detuning are directly related to the modulation amplitude δd and modulation
2
√
frequency fmod = ωmod /2π as g = ddxF2C δd /2 m1 m2 ω1 ω2
2
and δ = 2π(fmod − f21 ). Here ddxF2C is the second derivative of Casimir force FC and m1,2 is the mass of two cantilevers. For this open system, the exceptional point is located
2|
at g = |γ1 −γ
and δ = 0. At this specific point, the two eigen2
values λ± of the Hamiltonian are degenerate for both real and
imaginary parts as shown in Fig.1(b) and 1(c). The eigenvalues (two surfaces) intersect each other and exhibit a nontrivial topological structure near the exceptional point. The
asymmetric structure near the exceptional point provides us
freedom to construct dynamical operations that break the time
reversal symmetry. Experimentally we can control the modulation frequency fmod and the modulation amplitude δd inde-
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FIG. 2. Force measurement and energy transfer by the Casimir effect. (a). The schematic of the dual-cantilever fiber interferometer setup.
A microsphere is attached to one cantilever and both cantilevers are coated with gold for good conductivity and reflectivity. Their motions are
monitored by two fiber interferometers independently. Two piezo chips at the end of cantilevers are used to drive the cantilevers and change
the separation between two cantilevers. (b). The measured force gradient divided by the radius of the microsphere is shown as a function of
the separation. The red solid line is the theoretical prediction for real gold material. The green dashed curve is the theoretical prediction for
ideal conductor. (c).The ratio of the displacement of two cantilevers is shown as a function of the modulation frequency fmod at a separation
of 139 nm and 161 nm. (d). Parametric modulation is applied to couple two cantilevers. The ratio of the displacement of two cantilevers
is shown as a function of the separation when cantilever 2 is first excited and the modulation frequency equals to the frequency difference
between two cantilevers. The red solid curve is the theoretical prediction. (e). Power spectral density (PSD) of the cantilever 2 as a function
of the modulation frequency fmod and PSD frequency. (f) is the refined scan of the white box shown in (e).

pendently as a function of time and realize non-reciprocal energy transfer by controlling the parameters along a loop near
the exceptional point.
We first measure the spectrum of the system near the exceptional point experimentally. The exceptional point locates at
the point when two eigenvalue surfaces intersect each other.
Under the natural condition, two cantilevers have comparable damping rates and the damping difference is close to zero.
Thus the exceptional point locates at δd = 0, which means no
coupling between two cantilevers. To break symmetry and
achieve non-reciprocal energy transfer, we need to add extra gain or loss to the system to shift the exceptional point.
Here we add extra loss to one of the cantilevers for simplicity. In the experiment, we apply an additional damping on
cantilever 2 (right) such that γ2 = 2π × 13.82 Hz. Fig.3 (a)
and (b) are the measured PSD of cantilever 2 and they show
that the exceptional point in this double-cantilever system is
located approximately at δd = 5.5 nm and fmod = 727 Hz.
The separation is calculated to be 76 nm from the coupling
strength. Based on the measurement of exceptional point, we

design a dynamical clockwise control loop as shown in Fig.
3(c). The modulation amplitude is continuously controlled
from 6.7 ± 0.6 nm to 13.3 ± 0.6 nm and the modulation frequency is tuned from 680 Hz to 785 Hz. The total loop time
is 80 ms. When the modulation frequency fmod is tuned from
680 Hz to 785 Hz and δd = 6.7 nm, the minimum energy
gap between two eigenstates is small compared to the operation speed and hence the process is non-adiabatic. The energy
prefers to be transferred to the cantilever with less damping after going through the control process when δd = 6.7 nm. The
process is adiabatic for other parts of the control loop since the
energy gap between two eigenstates is large compared to the
operation speed. Therefore, time reversal symmetry is broken
by the control loop shown in Fig.3(c). An important striking
feature is that the preferred transfer direction of energy transfer depends on the direction of the control loop. Our simulations (see Supplementary Information) of the energy transfer process take into account the nonlinearity inherent in this
Casimir force coupled system.
We now realize a Casimir diode by engineering the system

4

(a)

(d)

Clockwise (CW) 1 to 2

(b)

T12

(e)

(c)

𝒇𝒇𝒎𝒎𝒎𝒎𝒎𝒎

785 Hz

𝒇𝒇𝟐𝟐𝟐𝟐

(f)

680 Hz
6.7 nm

Anti-clockwise (ACW) 1 to 2

Clockwise (CW) 2 to 1

T21

(g)

Anti-clockwise (ACW) 2 to 1

CW

T12

𝜹𝜹 𝒅𝒅

13.3 nm

T21

𝑓𝑓mod, 𝛿𝛿𝑑𝑑

FIG. 3. Non-reciprocal energy transfer by the Casimir effect. (a). PSD intensity of cantilever 2 as a function of modulation frequency fmod
and PSD frequency when δd = 5.5 ± 0.6 nm. (b). PSD intensity of cantilever 2 as a function of modulation amplitude δd and PSD frequency
when fmod = 727 Hz. (c). A clockwise (CW) control loop in the parameter space for the non-reciprocal energy transfer. (d)-(g). Measurement
of the normalized energy in the transfer process. One cantilever is first driven to the excited state from 0 ms to 80 ms. The dynamical control
starts at 80 ms (shaded in gray) for clockwise (CW) and anti-clockwise (ACW) loop and lasts for 80 ms. A clockwise loop allows the energy
transferred from 1 to 2 and avoids the reverse direction. On the other hand, an anti-clockwise loop allows the energy transferred from 2 to 1
and avoids the reverse direction.

dynamically. Figure 3(d)-(g) show the experimental results of
the non-reciprocal energy transfer process for the clockwise
(CW) and the anti-clockwise (ACW) loops with different cantilevers being excited. We use normalized energy, which is
defined as E1 /(E1 + E2 ) and E2 /(E1 + E2 ), to quantify the
portion of energy for two cantilevers in the transfer process.
Here E1 and E2 are the energy of two cantilevers by measuring their oscillating amplitudes. One of the cantilevers is first
driven resonantly to the excited state from 0 to 80 ms. The dynamical control loop is then applied starting at 80 ms as shown
in the gray shaded area. We measure the energy E1 and E2
at the end of the loop (t = 160 ms) and see whether energy
is transferred to a different state. Fig. 3.(d) and (f) show that
a clockwise loop allows energy transferring from 1 to 2 while
avoids the opposite direction. Cantilever 2 dominates the total
energy in the system after the clockwise loop no matter what
the initial state is. On the contrary, cantilever 1 dominates the
energy after the anti-clockwise loop as shown in Fig. 3(e) and
(g). Two energy transfer processes with different directions
for the same control loop have a high contrast. The simulated

transfer process is shown in Supplementary Fig. S9, which
shows the same key features. Our system is flexible to manipulate the preferable transfer direction by designing the control
loop.
We demonstrate that the asymmetric structure near the exceptional point leads to highly efficient directionality. To
quantify the efficiency of energy transfer after the dynamical control loop, we calculate the transfer efficiency which is
defined as η = E2 /(E1 + E2 ) at the end of the control loop
for the case that cantilever 1 is first excited. In this way, we
can measure how much energy is transferred from cantilever
1 to cantilever 2. Similar definition applies to the reverse direction. Fig.4 shows the dependence of transfer efficiency on
the size of the control loop when cantilever 1 is first excited.
max
We change the maximum modulation frequency fmod
while
keeping the minimum modulation frequency at 680 Hz for a
clockwise control loop as shown in the inset of Fig.4. The
control on the modulation amplitude δd remains the same as
mentioned above. When the control loop includes the resonant modulation frequency fmod = f21 , energy is transferred
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FIG. 4. Efficiency of the non-reciprocal energy transfer by the
Casimir effect. The transfer efficiency as a function of the maximum
max
for the clockwise loop when cantilever
modulation frequency fmod
1 is first excited. The minimum modulation frequency is fixed at 680
Hz and the modulation amplitude is changing from 6.7 ± 0.6 nm to
13.3 ± 0.6 nm. When the control loop includes the resonant modulation frequency fmod = f21 (as shown in the green dashed line),
energy is transferred from cantilever 1 to cantilever 2. Little energy is
transferred when the maximum modulation frequency is lower than
f21 . The error bars show standard deviations of data points.

to cantilever 2 when we first excite cantilever 1. On the contrary, when the loop does not include f21 , little energy is transferred from cantilever 1 to cantilever 2.
In conclusion, we report non-reciprocal energy transfer
with quantum vacuum fluctuations. Strong phonon coupling
and energy transfer between two mechanical resonators are
realized by parametric modulation. Under the careful design
of the control loop, non-reciprocal energy transfer with high
contrast is observed. Our work develops a flexible and robust
method to regulate vacuum fluctuations and build functional
Casimir devices. The Casimir coupling due to virtual photons
can replace the optomechanical coupling due to real photons
in cavity optomechanics [25] for various functions. If the mechanical oscillators are cooled to the quantum regime at low
temperature, the non-reciprocal Casimir effect can be used to
regulate the flow of single phonons for quantum information
processing.
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METHODS

Experimental set-up. We use two AFM (atomic force microscope) cantilevers to construct our Casimir interaction system. The left cantilever has a size of 450 µm × 50 µm × 2 µm.
A polystyrene sphere with a diameter of 69.1 ± 0.9 µm is
attached on the free end of the left cantilever by a vacuumcompatible conductive epoxy. The right cantilever has a size
of 500 µm × 100 µm × 1 µm. 70-nm thick gold layers are
coated on both sides of cantilevers and the sphere to create
metallic surfaces for the Casimir interaction and a better reflectivity for detection. Films with nearly equal thicknesses
are coated on both sides of cantilevers in order to reduce
strains on the cantilevers. Each cantilever is mounted on a
piezoelectric stack to control its equilibrium position and vibration. One cantilever is connected to the electrical ground.
A biased voltage is applied on the other cantilever to minimize
the effects of the patch potential (see Supplementary Fig. S5,
S6).
The motion of two cantilevers are monitored by two fiber
interferometers. A 50-µW laser with a wavelength of 1310
nm is incident on the back side of a cantilever from a fiber
and gets reflected back. The reflected light is directed into
the same optical fiber and interferes with the reflected light
from the fiber-air interface. The interference signal gives the
information of the separation between the cantilever and the
fiber and hence we can measure the motion of the cantilever.
The jacket and the cladding of the fibers have been removed
and the bare fiber has a diameter of 125 µm. The fibers are
placed at a distance of more than 200 µm from the cantilevers
to reduce the electrostatic effect. To minimize the environmental impact, the system is placed on top of optical tables by
two stages of pneumatic vibration isolation (see Supplementary Fig. S1). The experiment is conducted under a pressure
of 10−4 torr at room temperature. To measure the Casimir
force, we monitor the frequency shift of the cantilever at each
separation using a phase-lock loop (see Supplementary Fig.
S5).
Casimir force. We use the Lifshitz theory to calculate the
Casimir force between real materials [30]. The Casimir energy per unit area of two parallel plates at zero temperature
with a finite separation x is [30]
Z ∞
Z ∞
~
k
dk
dξ{ln[1 − rT2 M (iξ, k⊥ )e−2xq ]
E0 (x) =
⊥
⊥
4π 2 0
0
+ ln[1 − rT2 E (iξ, k⊥ )e−2xq ]},
(4)
where ξ is the imaginary frequency and k⊥ is the wave vector
parallel to the surface. rT E (iξ, k⊥ ) and rT M (iξ, k⊥ ) are the
reflection coefficients of the transverse electric and magnetic
modes [30]. At a finite temperature T , both quantum fluctuations and thermal fluctuations contribute to the Casimir energy
per unit area E(x, T ). In our experiment, the radius of the microsphere and the dimensions of the bare cantilever are far
larger than the separation. Therefore, we can use proximityforce approximation (PFA) to evaluate the Casimir force be-
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tween a sphere and a plate. The Casimir force for our system is FC (x, T ) = −2πRE(x, T ), where R is the radius
of the microsphere. As shown in Supplementary Fig. S2,
the contribution from thermal fluctuations at T = 300 K is
less than 6% when the separation is less than 1000 nm, and
is only about 2% when the separation is 200 nm. Thus the
effects of quantum vacuum fluctuations dominate in our experiment. As shown in Supplementary Fig. S3 and S4, the
Casimir pressure between 70-nm-thick gold films is different
from the Casimir pressure between infinitely-thick gold plates
by less than 0.1%, which is negligible for our experiment. The
AFM image in Supplementary Fig. S7 shows the rms roughness of the gold film is about 0.8 nm, which is small compared
to the separation in our experiment.
Effective Hamiltonian. Under a slow modulation and
Casimir interaction, the separation between two cantilevers
is time-dependent such that x(t) = d0 + δd cos(ωmod t) +
x1 (t) − x2 (t). Here d0 is the equilibrium separation when
there is no modulation applied, δd is the modulation amplitude. ωmod = 2πfmod , where fmod is the modulation frequency. x1 (t) and x2 (t) describe vibrations of the cantilevers
near their equilibrium positions. The motions of the cantilevers follow equations
m1 x¨1 + m1 γ1 x˙1 + m1 ω12 x1 = FC (x(t)),
m2 x¨2 + m2 γ2 x˙2 + m2 ω22 x2 = −FC (x(t)).

(5)

the resonant frequency such that γ1  ω1 and γ2  ω2 .
Therefore, the equations of motion can be rewritten as
−iω1 γ1 A1 (t)e−iω1 t − 2iω1 Ȧ1 (t)e−iω1 t
Λ
(A1 (t)e−i(ω1 +ωmod )t − A2 (t)e−i(ω2 −ωmod )t ),
=
2m1
−iω2 γ2 A2 (t)e−iω2 t − 2iω2 Ȧ2 (t)e−iω2 t
Λ
(A2 (t)e−i(ω2 −ωmod )t − A1 (t)e−i(ω1 +ωmod )t ), (8)
=
2m2
where we have taken the rotating frame approximation and neglected the fast-rotating term. Now we apply the transformation such that A01 (t) = A1 (t) and A02 (t) = A2 (t)eiδt , where
δ = ω1 + ωmod − ω2 . Then the equation of motion becomes
 0   γ1
 0 
Λ
−i 2
Ȧ1 (t)
A1 (t)
4m1 ω1
=
i
,
(9)
γ2
0
Λ
A
−i
−
δ
Ȧ02 (t)
2 (t)
4m2 ω2
2
where we have neglected the fast-rotating terms. The vibrations of two cantilevers can be quantized
Introp mas1 ωphonons.
0
1
A
and
c2 =
ducing normalized amplitudes c1 =
1
~
p m2 ω2 0
A
,
we
obtain
the
equation
of
motion
for
phonon
2
~
modes
   γ1
 
g
c˙
−i 2
c1
2
i 1 =
,
(10)
g
γ2
c˙2
−i
−
δ
c2
2
2
2

When the modulation amplitude and the oscillation amplitude
of two cantilevers are far smaller than the separation such
that δd , x1 , x2  d0 , we can expand the Casimir force term
FC (d0 + δd cos(ωmod t) + x1 − x2 ) to the second order. Since
two cantilevers have a frequency difference over 700 Hz, the
direct coupling is neglected. The zero-order and first-order
terms shift the frequency of two cantilevers but have no contribution to energy transfer since they are off-resonant. The
2
contribution comes from the term ddxF2C |d0 δd cos(ωmod t)(x1 −
x2 ). Therefore, we can rewrite the equations as
Λ
cos(ωmod t)(x1 − x2 ),
m1
Λ
x¨2 + γ2 x˙2 + ω22 x2 =
cos(ωmod t)(x2 − x1 ),
m2

x¨1 + γ1 x˙1 + ω12 x1 =

(6)

2

where we have Λ = ddxF2C δd .
Here we solve the second-order ordinary equations in
Eq.(6) by generalizing the displacements x1 (t) and x2 (t) to
complex values z1 (t) and z2 (t) such that x1 (t) = Re[z1 (t)]
and x2 (t) = Re[z2 (t)]. We separate the fast-rotating term and
the slow-varying term for z1 (t) and z2 (t) such that
z1 (t) = A1 (t)e−iω1 t ,
−iω2 t

z2 (t) = A2 (t)e

,

Λ
1
where g = 2√m1 m
= ddxF2C δd 2√m1 m
and δ =
2 ω1 ω2
2 ω1 ω2
ω1 +ωmod −ω2 . Thus the effective Hamiltonian of the system
is Eq. (3) in the main text. The eigenvalues of the Hamiltonian
are

δ
γ1 + γ2
λ± = − − i
2
4
r
(γ1 − γ2 )2
1
+ δ 2 + g 2 − i(γ1 − γ2 )δ.
−
±
2
4

(11)

The eigenvalue depends on modulation amplitude δd and
modulation frequency ωmod . We can also see that the excep2|
tional point locates at δ = 0 and g = |γ1 −γ
which means
√ 2
|γ1 −γ2 | m1 m2 ω1 ω2
that ωmod = ω2 − ω1 and δd =
.
d2 FC /dx2
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where A1 (t) and A2 (t) are slow-varying amplitudes and we
can neglect their second derivative terms Ä1 (t) and Ä2 (t) in
the equations of motion. Besides, we consider the condition
that the damping rate of two cantilevers are far smaller than
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