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Abstract: We derive a unified quantum theory of coherent and incoherent energy transfer
between two atoms (donor and acceptor) valid in arbitrary Markovian nanophotonic environments.
Our theory predicts a fundamental bound 7,,,, = wﬂfw for energy transfer efficiency arising from
the spontaneous emission rates y, and y, of the donor and acceptor. We propose the control of
the acceptor spontaneous emission rate as a new design principle for enhancing energy transfer
efficiency. We predict an experiment using mirrors to enhance the efficiency bound by exploiting
the dipole orientations of the donor and acceptor. Of fundamental interest, we show that while
quantum coherence implies the ultimate efficiency bound has been reached, reaching the ultimate
efficiency does not require quantum coherence. Our work paves the way towards nanophotonic

analogues of efficiency-enhancing environments known in quantum biological systems.
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1. Introduction

Using quantum coherence and correlations as a resource has become a fundamental topic of
research in recent years [1,2]. In quantum metrology, quantum correlations are used to go beyond
classical noise measurement limits [3-5]. In quantum thermodynamics, the use of quantum
coherence has been proposed to go beyond the Carnot efficiency limit of classical heat engines
[6-8]. And in quantum biology, landmark experiments have shown long-lived coherence on
the order of hundreds of femtoseconds, suggesting its role in the near-unity energy transfer
efficiency of photosynthetic systems [9—11]. The idea of quantum coherence playing a role in
photosynthesis is intriguing because it indicates that many-body quantum correlations can exist
in ambient conditions with the potential for a wide range of technological applications [12,13].

Energy transfer is typically distinguished as incoherent Forster-type resonance energy transfer
(FRET), or coherent excitation energy transfer. The two regimes occur in the limits, Jpp/yr < 1
and Jpp /7y > 1, involving the ratio of the electronic dipole-dipole coupling Jpp to the total
linewidth v, of each molecule. The total linewidth is a measure of the coupling strength to the
bath’s spin, vibrational or electrodynamic degrees of freedom. In photosynthetic systems, the
system-bath coupling is primarily dominated by vibrations. The complex nature of photosynthetic
systems results in electronic and vibrational coupling strengths varying greatly between the
incoherent and coherent coupling limits. Understanding the role of the environment from the
weak-to-intermediate-to-strong coupling regimes has been an important topic of interest required
to explain experimental observations [14]. In this regard, there has been tremendous progress
in the development of a wide variety of open quantum system frameworks (modified-Redfield,
Hierarchical equations of motion, Polaron-modified master equation) [15-21] that operate under
a wide range of coupling strengths. While a complete understanding of photosynthetic energy
transfer has not been achieved [22], there has been a lot of progress outlining how the environment
can positively influence energy transfer efficiency [15-21,23-27]. Understanding the role of
quantum coherence remains an open problem in photosynthesis, and it is still not clear whether
it does play a role [28,29]. It is possible that other guiding principles give rise to near-unity
efficiencies in photosynthesis.
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Precise control of resonance energy transfer has also emerged as a fundamental topic of
interest in the nanophotonic community. There has been a multitude of theoretical [30-34]
and experimental [35-41] work proposing and demonstrating nanophotonic control of energy
transfer with plasmonic, optical waveguides, and cavity-based systems. Unlike work in the
photosynthetic community, most nanophotonic theories of energy transfer have relied on classical
electrodynamic descriptions or perturbative approaches based on Fermi’s golden rule. While
some authors have provided rigorous quantum electrodynamic formulations, the final analytical
expressions are typically valid in either the weak or strong coupling regimes [42—44]. Moreover,
a unified definition of efficiency has been lacking in nanophotonics where most results use
Forster’s perturbative expression.

In this article, we combine ideas from both communities to develop an exactly solvable
theory for resonance energy transfer from first-principles. We derive a quantum master equation
providing a unified picture of energy transfer dynamics in the coherent and incoherent coupling
regimes applicable in arbitrary Markovian nanophotonic environments. We then solve the model
exactly to derive an analytical expression for the energy transfer efficiency. Our result provides
insight into the role of finely-tuned coupling strengths, dephasing rates, and detuning between
the donor and acceptor required to achieve near-unity energy transfer efficiencies. The central
result of this article is the ultimate efficiency of
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This provides a fundamental limit to the energy transfer efficiency between two atoms regardless
of coupling strength, quantum coherence and spectral overlap. It also implies the condition
Ya > Y4 is required to achieve near-unity efficiency with the corollary that two identical atoms
will have a maximum efficiency of 50%. To the best of our knowledge, this surprisingly simple and
intuitive result has not been discussed nor derived in the resonance energy transfer literature. We
emphasize this fundamental bound will also apply to quantum transport in the two-chromophore
system relevant to many biological systems.

Interestingly, this bound suggests that the acceptor spontaneous emission rate can be used as a
new degree of freedom to control energy transfer. To illustrate the interplay of these effects, we
predict an experiment to control the efficiency between two atoms above a mirror. We also show
that while quantum coherence implies the ultimate efficiency bound has been reached, reaching
the ultimate efficiency does not require quantum coherence. Ultimately, these results will enable
the design of nanophotonic systems which can mimic quantum biological environments to
enhance energy transfer efficiency.

ey
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2. Perturbative energy transfer efficiency

We first briefly describe the expression of perturbative energy transfer efficiency for incoherent
Forster-type resonance energy transfer. This forms a comparison with the unified nonpertubative
definition valid in the weak and strong coupling regimes presented in the next section. The
efficiency of Forster resonance energy transfer is conventionally defined as the ratio of the energy
transfer rate I';, to the total dissipation rate of the donor,

Net = - @

In free-space, the spontaneous emission rate of the donor is y; = d§w3/ (3nhie,c®). The
energy transfer rate is [y, = %|VDD|2j1a where Jy, is the spectral overlap integral of the
donor emission and acceptor absorption. The resonant dipole-dipole interaction (RDDI),
Vop = M(=Jpp + iypp/2) = ﬁ;da - G(ry, ry, w) - dy, defines the magnitude of the dipole-
dipole coupling. The results are written in terms of the dyadic Green function G(r,, ry, w)
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containing both near-field Coulombic and far-field radiative contributions. These definitions of
the spontaneous emission and energy transfer rates are based on Fermi’s Golden rule valid in
the incoherent limit. From these relations, we observe that increasing dipole-dipole coupling
(|Vpp| — o0) results in a near-unity energy transfer efficiency, and therefore no fundamental
bound exists for Eq. (2). However, it is worth noting that Jpp /s < 1 is required in the weak
coupling regime.

3. Non-perturbative energy transfer efficiency

In this article, we follow the extensive work of photosynthetic excitation energy transfer [45,46]
and use the following definition for the energy transfer efficiency,

Net = ')’a/opaa(t)dta 3)

valid for non-stationary processes such as when the donor is initially in its excited state. This result
is general enough to work in the weak and strong coupling regimes between two atoms. Here,
the energy transfer efficiency is proportional to the time-integrated luminescence originating
from the acceptor. p,,(?) is the time-dependent density matrix population of the acceptor in the
excited state. More discussions about this definition of energy transfer efficiency can be found in
Appendix B. For many applications, this is a much more useful and intuitive definition for energy
transfer efficiency.

In Appendix A and Supplement 1, we derive the RDDI master equation for two non-identical
atoms of the form, %p = i[p,Hcon] + L[p], from first principles. The first term involves
the coherent dynamics due to dipole-dipole coupling Jpp. The second term is a Lindblad
superoperator describing the incoherent dynamics due to spontaneous emission and pure
dephasing of the donor and acceptor respectively. For the rest of this article, we will ignore
non-local cooperative decay ypp typically associated with superradiant and subradiant effects.
We will explore these effects in a future paper. Our results are general enough to work in any
Markovian bath with a correlation time 7. that is much smaller than the relaxation times of
the atoms, 7' > ¥4, V4, Laa. This extends the range of applicability of this approach beyond
the vacuum case, allowing the consideration of more complicated nanophotonic environments.
Based on derivations in Appendix B, we obtain the following fundamental relation from the
RDDI master equation:

Yd /0 Pad(t) dt + yq /0 Paa(t)dt =1, “4)

where pg4() is the time-dependent density matrix population of the donor in the excited state.
Physically, this equation determines the probability of detecting a single photon from the two-atom
system, which must equal one in the long-time limit. Equation (4) can be understood as that,
without cooperative decay, this single-photon emission originates from the spontaneous decay of
either the acceptor (with probability vy, fooféaa(t) dr) or the donor (with probability v, foofédd(t) dr).
This result is applicable when a single excitation is initially present in the system. We also
assume that both atoms only decay through the emission of a photon, and contributions arising
from the cooperative decay are negligible. Equation (4) and the RDDI master equation provide
one important insight into the differences between energy transfer efficiency defined in Eq. (2)
and Eq. (3). The perturbative definition in Eq. (2) is only valid for irreversible energy transfer
from the donor to the acceptor in the weak-coupling limit. In contrast, in Eq. (3), the energy
transfer efficiency is defined as the total probability of an acceptor emitting the initial excitation
as opposed to the donor. Since the acceptor and donor are treated symmetrically in time evolution
governed by the RDDI master equation (with different initial conditions, see Appendix A and B),
the definition in Eq. (3) is still valid when reversible energy transfer between acceptor and donor
is taken into account in the strong coupling regime.
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Using the RDDI master equation, we are able to find the integrated population fooﬁaa(t)dt and
simplify Eq. (3) (derivations in Appendix B). A central result of this article is the exact analytical
expression of the energy transfer efficiency Eq. (3) valid in the coherent and incoherent coupling
regimes,

L
Nt = =———, 5)
Vaa +va
where we define the renormalized energy transfer rate,
= yarda
Taa = ———. (6)
¢ Ya + Lia

Surprisingly, we recover the same functional form of Forster’s perturbative energy transfer
rate, I['j, = % [Vop|? Jaa, however, the master equation approach allows for an exact solution of
the spectral overlap integral,

_ (Ya + Vpd +Ya+ Vpa)(2m)
(@d = @a)* + (Ya +Vpd + Ya + Vpa)* |4

Jia )

The overlap integral Jy, is equal to the integral of two Lorentzians with resonant frequencies
Bg = Wy + 6wy, g = Wy + dw, and linewidths y4 + V¢ 4, Ya + V4, rESPEctively. Here, we
introduce 4 ; as the phenomenological dephasing rate for each atom accounting for fluctuations
in the transition frequency. The dephasing rate contributes to an observable linewidth broadening
dominant in ambient temperatures where ygs; > v;.

While the functional form for the energy transfer rate [y, is similar to conventional FRET
theory, this approach goes beyond the perturbative result by taking into account the modification

of the resonant frequency and linewidth of each atom, w; = _#;df -Re G(r;, r;, w) - d; and

Y = %di - Im G(r;, 1;, w) - d;, resulting in modified non-perturbative emission and absorption
spectra for the donor and acceptor respectively. In general, the dyadic Green function consists
of vacuum and scattered contributions, reinforcing the applicability of this approach to more
complicated nanophotonic environments.

4. Maximum energy transfer efficiency

The renormalized energy transfer rate (6) arises from the exact non-stationary solution for two
non-identical atoms. The perturbative expression for the FRET efficiency can be recovered
when I';; < y,. This condition suggests Forster’s result is only valid when the acceptor has
a fast enough dissipation rate to ensure irreversible energy transfer. In realistic systems, the
finite dissipation rate of the acceptor will result in a bottleneck effect. The renormalized energy
transfer rate can not exceed the dissipation rate of the acceptor. In the limit of large dipole-dipole
coupling, |Vpp| — oo, the renormalized transfer rate is bounded, Iy, — y,. The ultimate bound
(1) for the energy transfer efficiency immediately follows.

The results for the non-perturbative efficiency 7., and the renormalized transfer rate T, are
shown in Fig. 1 for two atoms in vacuum as a function of separation distance. The renormalized
transfer rate T, has a 7~® inverse power law dependence until it reaches the bottleneck limit of
Ya, at which point the energy transfer efficiency reaches the fundamental bound. For comparison,
we plot the energy transfer efficiency as would be predicted through Forster’s expression (black
line).

In Fig. 2, we provide numerical evidence of the robustness of this bound to atom-atom detuning
A = &y — @, as well as dephasing. It is shown that the fundamental efficiency bound can be
approached in the limit of zero detuning, A — 0. For large detuning, the energy transfer rate will
decrease due to poor spectral overlap in the absence of dephasing. As dephasing is increased
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Fig. 1. (a) A donor initially in its excited state will either transfer energy to an acceptor,
or spontaneously emit light with rate y;. Once the energy is transferred to the acceptor,
the energy can either return to the donor or escape into the vacuum with rate y,. The
energy transfer efficiency is defined as the total probability of an acceptor emitting the
initial excitation as opposed to the donor. (b) Using this metric, we find the energy transfer
efficiency will have a fundamental bound as the separation distance between two atoms
decreases (orange curve), in stark contrast to the conventional definition for the FRET
efficiency (black curve). (c) The result can also be understood in terms of the renormalized
transfer rate I'y, (orange curve) having a fundamental bound as compared to the energy
transfer rate T'y,. We take y, = 2y, giving an ultimate efficiency of 7,4 = 2/3.

(see Fig. 2(a)), the energy transfer efficiency reaches a maximum when the following condition is
satisfied

(Bd = @a)* = (va +Ya +274) /4. ®
1
a. optimal b.
0.8 | overlap

T?et

102 10*  10° -2 0 2
Y474 detuning, ’—V":dx106

Fig. 2. Energy transfer efficiency as function of (a) dephasing rate y and (b) atom-atom
detuning A = &y — @,. Note the energy transfer efficiency always remains below the
fundamental bound regardless of coupling strengths, spontaneous emission, dephasing or
detuning. This bound may be reached asymptotically for the case of two atoms with zero
detuning in the limit of small dephasing (green curve left). Black arrow denotes (a) increased
detuning and (b) increased dephasing.



Research Article Vol. 30, No. 19/12 Sep 2022/ Optics Express 34730 |

Optics EXPRESS N

Here, we have assumed equal dephasing for both atoms, Y4 = ¥¢.4 = ¥¢4. Condition (8)
corresponds to the optimal emission-absorption spectral overlap. The use of dephasing to enhance
efficiency is often referred to as environment assisted quantum transport (ENAQT).

5. Role of quantum coherence

In general, quantum coherence occurs in the strong coupling regime, |Vpp| > ¥4, Va, 4. The
strong coupling condition coincides with the condition, |Vpp| — oo, required to achieve the
fundamental bound; therefore, any system with strong coupling and quantum coherence will
operate at an efficiency equal to the fundamental bound (1). However, we emphasize the opposite is
not true: operating near the fundamental bound does not imply the system has quantum coherence.
To demonstrate this effect, we show the population dynamics and efficiency of two distinct systems.
We use Wootter’s concurrence [47], C = max[0, VA; — VA2 — VA3 — VA4], to measure quantum
entanglement. Here, A; are the eigenvalues of the operator p(oy ® 0,)p" (0, ® 0y) in descending
order. A concurrence of 1 implies maximally entangled states while a concurrence of zero implies
separable states with zero entanglement. Interestingly, for the non-stationary energy transfer
problem the concurrence is exactly equal to the off-diagonal coherence, C = 2|p,q|, therefore
it serves as a measure of both coherence and entanglement. In Fig. 3(a), the system consists
of a perfectly tuned donor-acceptor pair, A = 0, with zero dephasing. This system achieves
the ultimate efficiency of 7,,,x = 2/3. The time-dependent concurrence (bottom plot) clearly
shows quantum coherence is present in this system. In Fig. 3(b), we have two detuned atoms
A/(2r) = 10 THz with large dephasing vy, /(27) = 4 THz close to the necessary condition (8) for
optimal spectral overlap. Interestingly, the second system exhibits irreversible energy transfer
with negligible concurrence and therefore lacks quantum coherence but nevertheless reaches an
efficiency that lies within 1 percent of the fundamental bound. The clear advantage of quantum
coherence is that it reaches 7,4, for longer distances, » = 45 nm, while the detuned system
requires a separation distance of » = 4.5 nm.
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Fig. 3. Population dynamics of donor (blue) and acceptor (orange) as well as concurrence
(bottom) used as a measure of quantum coherence. (a) Quantum coherent energy transfer
between two atoms (r = 45 nm) operating at the ultimate efficiency 7,4 = 2/3. (b) Irre-
versible energy transfer between two atoms (r = 4.5 nm) operating within 1 percent of the
ultimate efficiency exhibiting negligible quantum coherence.

6. Nanophotonic control of energy transfer efficiency

The fundamental bound (1) suggests a new design strategy for increasing the energy transfer
efficiency based on the control of donor and acceptor spontaneous emission rates. In Fig. 4,
we present a canonical example illustrating how a nanophotonic environment can positively
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influence the energy transfer efficiency between two atoms using a non-resonant silver mirror
eliminating the need for high-Q cavities. Here, we consider donor and acceptor with spontaneous
emission rates in vacuum yg, = 2y 4 = 47 GHz, transition frequencies w,/(27) = 545 THz and
wq/(2m) = 550 THz, and dephasing rates vy, = v 4 = 47 THz. A Drude model with the plasma
frequency w),/(27) = 2000 THz and the damping factor A = 0.005 w), is used for the dielectric
properties of the silver mirror. The basic idea is to use an orientation-dependent Purcell effect
close to the mirror, understood through an image dipole model (inset). A parallel dipole close to a
mirror will form an image dipole with the opposite orientation suppressing spontaneous emission,
while a perpendicular dipole close to a mirror will form a collinear image dipole enhancing
spontaneous emission. This suggests an ideal configuration where the donor is parallel and the
acceptor is perpendicular to the mirror surface (orange curve). The mirror-enhanced efficiency
bound only depends on spontaneous emission rates of the donor and acceptor and can be reached
at approximately 10 nm from the mirror. Note that this configuration is typically forbidden in
free-space, but becomes possible due to image dipole formation.

1 T T T T
Mirror-enhanced bound
08— ———— —
- N Vacuumbound
06 ]
® -\ __ Mirror-suppressedbound
<
04+ (~ orientationof Image dipole model
. donor and acceptor
S O <
0.2} — 773
4 5
0 1 A A
0 10 20 30 40 50

distance from mirror (nm)

Fig. 4. Nanophotonic control of energy transfer between two atoms above a silver mirror.
Here, we provide an example of how the environment can positively or negatively influence
the energy transfer efficiency based primarily on the transition dipole moment orientation.
We consider two atoms with spontaneous emission rates y, = 2y, corresponding to a
vacuum bound of 7y = 2/3. To overcome the vacuum bound, we propose using the
orientation dipole moments of each atom relative to the mirror to control spontaneous
emission rates. The ideal configuration corresponds to a donor parallel to a mirror and an
acceptor perpendicular to a mirror, as it achieves the condition y, > 7y, around 10 nm from
the mirror. In this scenario, the environment modifies the fundamental bound of the energy
transfer efficiency resulting in an overall enhancement. The opposite configuration (blue)
will decrease the fundamental bound, suppressing the overall energy transfer efficiency.
Results are calculated with the full dyadic Green function for two atoms » = 10 nm apart.

7. Conclusion

To conclude, we derive a fundamental efficiency bound for resonance energy transfer between
two atoms arising in the limit of large dipole-dipole coupling. We use the bound to derive
design principles for controlling energy transfer in nanophotonics and present an exactly solvable
canonical example to illustrate the interplay of these effects. We emphasize this bound ignores the
role of the cooperative decay rate ypp; therefore, future work should focus on its role in altering
the efficiency of energy transfer. Our results pave the way towards a critical understanding of
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the role of the environment in resonance energy transfer using nanophotonic and metamaterial
approaches [48—50]. Future work will focus on developing a rigorous non-Markovian theory
(e.g., see [51]) of energy transfer with wider applicability.

Appendix A: Quantum electrodynamic theory of energy transfer

We use a quantum electrodynamic (QED) theory to describe the interaction between two neutral
atoms in an arbitrary nanophotonic environment. In the dipole approximation, the multipolar
Hamiltonian is composed of three components, H = Hs + Hj, + H;,;, where

Hy= )" honalnaXna + ), honalnaXnal,

n=g.e n=g.e

H, = / Pr / do T B (. w)f(r. ). ®)
mt dd E(rd) d E(ra)

H; describes the two-atom system, H}, the electrodynamic bath, and H;,, the electric-dipole inter-
action between each atom’s electric dipole moment d; = d’;g o, + dée o, and the electrodynamic
field respectively, k = {d, a}. We assume each atom only has two electronic energy levels while
also ignoring multipolar and spin contributions. This Hamiltonian has been derived previously
by several authors and forms the basis of an effective-field/macroscopic quantum electrodynamic
theory valid in arbitrary dissipative media satisfying Kramers-Kronig causality relations [44,52].
Here, ff (r, a))/f(r w) represent the creation/annihilation operators of the elementary excitations
of matter. In vacuum, f (r, w) describes the creation of a photon. In macroscopic matter, it

describes the creation of a polariton. These operators satisfy
f(r,0){0}) =0 and F'(r,w){0}) = [1(r,w)),
as well as
[f(r, ), f' (", w)] = 6(r - 1")6(w - ') and [f(r,w), 1", 0")] =0

In dissipative quantum electrodynamics, the electric field is defined as

4 ~
B(r.w) = iy e - / Brve (v, )G, ', v, ), (10)
TE,C

written in terms the imaginary part of the inhomogeneous and frequency dependent permittivity,
e(r,w) = €'(r,w) + ie”(r, w), as well as the classical dyadic Green function G(r,r’, w). We
provide exact expressions for the Green function in Appendix D. The electric field is decomposed
in terms of positive-frequency and negative-frequency components, E(r) = E®)(r) + EC)(r),
where EH)(r) = /Ooodw E(r, w), while also satisfying the condition [EC)(r)]" = E®)(r). In the
following, we derive the quantum master equation describing the atom-atom dynamics arising
from the Hamiltonian Eq. (9). While such a master equation has been derived before, it is worth
re-visiting the derivation to account for inconsistencies between different models. We will discuss
this subtle point later on. To obtain a closed-form solution without the use of the rotating wave
approximation, we truncate the Hilbert space to the following states,

|d) = |ea. 84 {0}), |a) = 1ga.€a.{0}), &) = 84:8a, 1(r,w)), l€) = |eq, €a, 1(r, w)),

corresponding to an excited-state donor with acceptor and field in the ground-state, an excited-state
acceptor with donor and field in ground-state, a single-excitation in the field with both atoms in
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the ground state, and finally a single field excitation with both atoms in the excited-state. Due to
truncation of the Hilbert space, this approach is not fully non-perturbative and will fail to describe
higher-order multi-photon effects that occur in the ultra-strong coupling regime. In the truncated
Hilbert space, the temporal evolution of the system is captured by the total wavefunction

(1)) =d(t)|d>+a(t)|a>+/d3r/dwg(r,w,t)|g>+/d3r/dwe(r,w,t)|e). (11)

Using the Schrodinger equation, ih% | (2)) = H|y(t)), we obtain the dynamical equations for
the probability amplitudes,

ad
iha = Mwga + Wea)d(t) + /dSr/ dw [g(r, w, 1)V + e(r, w, t)Vde] , (12)
. Oa 3
lha = Mwga + weaa(t) + | d’r [ dw [g(r, W, )V + e(r, w, t)Vae] , (13)
0
iha—f = (wgq + Wea + W)W ', 1) + Vead(t) + Viqalt), (14)
P
iha—f = HWea + Wed + @)e(t', ', 1) + Vead (1) + Veaalt), (15)

where we define Vi, = (k|H;y|n(r, w)) as the interaction coupling coefficient with k = {a,d} and
n = {g, e}. In the following, we present the exact analytical response for the case of two atoms in
a Markovian nanophotonic environment.

Probability amplitude equations of motion. In Supplement 1, we provide the detailed
derivation of obtaining probability amplitude equations of motion for d(¢f) and a(¢) from
Eq. (12)—(15). After simplifying the equations with properties of creation and annihilation
operators and employing Markov approximation, we obtain the following set of coupled differential
equations for the probability amplitudes in the Schrodinger picture,

,-hf?_‘: = [Seu + S d(t) = Viaaalt), (16)
. 0a & &
lha = —Vadd(l) - [zg,d + 2e,a] a(t)' (17)

We have written everything in terms of a modified excited-state self-energy &, x = —hw, x + ek
modified ground-state self-energy ig,k = —hwg  + Zg k. and resonant dipole-dipole interaction
(RDDI) Vi = W(=Ji + iy /2), taking into account the bare transition frequencies of both
atoms (k, k” = {a,d}). The excited-state self-energy is X, x = A(—Swex + iyx/2), Where

/ o:l w? db, - ImG(r, 1, ) - df,
0

o = — s 18

Wek he,m @ c? W —w (%)
2

= Y gk ImG( a 19

'}’k - h€0C2 eg - im rk7 rk9 (Uk) . ge* ( )

The ground-state self-energy is Xy = —Adwgk, Where

w2 dk,  ImG(rg, Ty, w) - dX
Swes = — / dow ke 20)
0

he,m c? wr+w

The resonant dipole-dipole interaction (RDDI) Vi is

2&)3 k kK
Yk = ﬁdEg . ImG(rk, ry, (,L)+) . dge’ (21)
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2
w ,
Jkk’ = _ﬁdle(g . ReG(rk, ry, w+) . dge’ (22)
0
. ‘Ui k K
Vi = i(=Jwe + iy [2) = —=d;, - G(r, r, wy) - dge. (23)

e,c2 8
Detailed derivations of Eq. (18)—(23) can be found in Supplement 1. These coupled differential
equations form the main result of this sub-section.
RDDI quantum master equation. Using (16), (17), we find the following set of coupled
differential equations for the populations and coherences,

0 2 e - . .
E|d|2 = ﬁRe [i(Eea + Egld* +iVgead®] , (24)
0, » 2 . . e - )
EM = 7_1Re [lVadda +i(Xgd + Zea)lal ] , (25)
(9 % 1 < < * 2 % 2 < < * *
E(da )= - [~Eea + Ega)da* — Vaalal® + Vi ld)* + (Ega + Eea) da’] . (26)

Using the definition of the density matrix p = |@X¢|, it is straightforward to show that these
equations are equivalent to the RDDI quantum master equation,

9 l Yik i
5P = _ﬁ[Hcohap] - Z T[O'k owp = 200 p0) + polow], (27)
ik

where the first term contains the coherent Hamiltonian, H.,, = Z,,:g,e(wn,d + 6wn,d)0';0d +

Zn:g’e (Wna +6a)n,u)o'aT Out ek ik O'Ij o, while the second term contains the relevant dissipative
terms. The RDDI master equation has been derived here for two non-identical atoms. We
emphasize this equation describes coherent coupling between two atoms in a Markovian reservoir
but cannot describe non-Markovian dynamics or multi-photon effects arising from strong-coupling
between the atoms and the electrodynamic bath. In other words, it must operate in a regime where
the frequency shifts and dipole-dipole couplings are much smaller than the transition frequencies
of the atoms (dwy, Jiwr < wg, wy). Going beyond this regime requires an expansion of the
Hilbert space and corresponds to the ultra-strong coupling regime. To recover the semi-classical
Forster regime, we must include a phenomenological dephasing term for each atom described by
the super-operators, v ¢ L. + Y¢.aLeq These terms describe fluctuations in the energy levels
resulting in linewidth broadening and loss of coherence. Explicitly, the dephasing super-operators
acting on the density operator in the single-excitation, excited-state sub-space are

R R 110 Pda
Loa=LIojoulp = —3 » Loa=Llououlp =3 :
Pad 0 Pad 0

Combining the results above, we find the single-excitation populations satisfy

J .
Pdd = f_i(vdapad = V3uPda) = YaPdds (28)

: i .
Paa = ﬁ(Vadpda - Vadpad) — YaPaas (29)

while the coherences obey

. i "
Pda = W1 Pda + }_i(vdapaa = V,uPda), (30)
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Pad = ~lW) Pad = ﬁ(vdapaa = Vadpaa)- @D

To simplify the equations, we defined w; = A; + iy, with A} = (&, — @y) and y; =
(Ya + Yp.d+Ya+7Vpa)/2. We have also defined @y = wg + 0wy = (Weq — Wea) + (OWeq — dwga),
and &g = wg + 0wy = (Weq — Wg.q) + (0We g — W q) for notational simplicity.

Appendix B: Non-stationary energy transfer efficiency

In this section, we derive the fundamental relation that provides a unified treatment of the energy
transfer efficiency in the coherent and incoherent coupling regimes. The non-stationary energy
transfer efficiency is obtained by integrating the population Egs. (28), (29) from 0 to oo,

. 0 l~ 0 (o)
put) = paa0) = =1 = +Vaq / pualt)di = 1V, / paalt) di — 4 / padr,  (32)
0 0 0

(e8]

[ « TR
pu) = pus®) = 0= 1Vau [ pastdt= Vi, [ pustodt=va [ putar 33
0 0 0

We have assumed the donor is initially in the excited state, p47(0) = 1, with the acceptor in the
ground state, p,,(0) = 0. In the long-time limit, the initial excitation leaves the donor-acceptor
system resulting in pgy(00) = pg4e(0) = 0. As adding the population Egs. (32), (33) yields the
fundamental relation (note that when the cooperative decay is neglected, V4, and V,, are real)
Eq. (4). Physically, this equation determines the probability of detecting a single photon from the
two-atom system, which must equal one in the long-time limit. This result is applicable when
a single excitation is initially present in the system. We also assume that both atoms have unit
quantum efficiency and only decay through the emission of a photon. We emphasize this result is
based on the assumption that contributions arising from the cooperative decay are negligible,
i.e. y4a = 0. Neglecting the cooperative decay rate recovers many of the photosynthetic energy
transfer models used in the literature. We will discuss this assumption more thoroughly in a
future manuscript. From Ref. [45], the energy transfer efficiency is defined as Eq. (3), which is
valid in both the coherent and incoherent coupling limits.

Exact solution to the energy transfer efficiency. There are two approaches to finding the
integrated population fom Paa(t’)dt’. The first approach finds the expression for p,,(t’), then
performs the time integral analytically. We introduce a second approach here. Integrating the
coherence differential equations, (30), (31), from O to co, we substitute the result into (32), (33),

—1 = —(Ya + Taa)pad + LiaPaas (34)

0 = ~(Fa + Taa)Paa + LaaPaa 35)
where we have defined oy = fooo pr(t)dt’ for the donor and acceptor respectively k = {d, a}.
We also introduce the bare energy transfer rate,

Vppl? + + v, +
Fdazl pD| (Ya + Ypd + Ya + Vp.a) (36)

B2 (Da— @a)? + (Ya + Yod + Yo+ Va)? 14

where |Vpp|? = |Vaa|?. Solving for 5., the non-perturbative expression for the efficiency is
[
n= % 37)
Vaa +va
where T, is the renormalized energy transfer rate
- 'Yarda
lag = ————, (38)
¢ Ya t rda
as shown in the main paper. This modified energy transfer rate is one of the major results of the
paper highlighting the drastic modification of the energy transfer efficiency compared to previous
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theoretical models. These results imply a fundamental bound for the energy transfer rate and
efficiency as discussed in the main manuscript. Note we have also derived the same analytical
expression using the first approach, i.e. analytically evaluating the time-integral.

Appendix C: Quantum correlations in energy transfer

In the following, we introduce Wooter’s definition of concurrence [47] to describe quantum
entanglement between two qubits.
Concurrence. The general wavefunction describing 2 qubits is

) = aleq, eqa) + Blea, ga) + ¥18a»€a) + 6184, 8a)- (39)

An appropriate measure of entanglement, given by the concurrence, is C = 2|ad — yS| > 0.
A concurrence of 1 refers to a maximally-entangled state, while C = 0O refers to separable
states. In the energy transfer problem with a single excitation (¢ = 0), the concurrence is
simply given by C = 2|By|. Using the notation of section 1, the time-dependent concurrence is
C(t) = 2|d(t)a(t)|. The result is easily generalized for a density operator describing mixed states.
Here, the concurrence is defined as

C = max[0, v, — V& - /13 - V4], (40)

where A; are the eigenvalues of the operator p(oy ® 0y)p*(0y ® 0) in descending order. For
the non-stationary energy transfer problem where the donor is initially in the excited-state, the
eigenvalues are readily solved analytically giving the final result

C =2|paal, 41

and is therefore exactly dependent on the coherence between both atoms in the site basis.
Concurrence provides a measure of entanglement as well as coherence, making it an appropriate
choice for studying non-classicality in the energy transfer problem.

Appendix D: Two atoms above a mirror

Free-space Green function. Here, we provide the full Green function expression for two atoms
above a mirror. The dyadic Green function in a bulk medium with refractive index n = Ve
satisfies the vector wave equation,

2
VX VXG,rr;w) - ew—zGo(r, r';w)=16(r -r’). 42)
c
The homogeneous Green function has a well-known solution (k = Ve w/c):
ikr

drr

G,(r) = [kI—ZV@vu (43)

elkr

4k2r3

containing both Coulombic near-field (k» < 1) and radiative far-field (k» > 1) components. We
use this result for plotting Fig. 1.

Scattered Green function. In the following, we provide the scattered Green function for

two atoms above a mirror defined through the normal unit vector n = &,. The scattered Green

function is found self-consistently through the use of electrodynamic boundary conditions. It is

1
[k + ikr — DI+ (3 = 3ikr — K*r*)E @ £ — W&(r)l, (44)
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possible to show, upon simplification, that the scattered Green function takes the following form
in cylindrical coordinates [43]

i k

G (r) = — P / dk, kp AR I T rs = k21| (45)
k

Gralr) = k2 / dk, k" h | 2ik, ke Jy (ko p)rp| (46)
k

Gur) = k2 /dk k" R 4 2ik, ke (ko p)rp| (47)

k
G, (r) = - k2 / dk, kp %4202 T (ko)1 (48)

where d is the distance of the donor and acceptor from the mirror interface, and p is the lateral
separation distance between the donor and acceptor. We also introduced J. = J,(k,p) + J2(kyp),
where J,,(k, p) is the cylindrical Bessel function of order n. The Fresnel reflection coefficients for
p and s polarized light are:

62](—6/(2 k—kz
rpz—z = and ry= —=

5 49
EzkZ + szz kz + kzz ( )

with z-component wavevectors, k, = /€ w?/c% — k}% and kp = /e w?/c* — kf,. The full Green
function integral is evaluated numerically using an adaptive Gauss-Kronrod quadrature. A Drude
model with the plasma frequency w,/(27) = 2000 THz and the damping factor A = 0.005 w,, has
been used for the dielectric properties of the silver mirror.
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